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Discussion
Equations (10) and (11) calculated for A: = 5/3 and 7/5

agree with Fig. 3.10.5a of Ref. 2. So do Eqs. (7-10) with
Fig. 3.10.5b. However, Eqs. (16-19) do not agree exactly
with Fig. 3.10.5c of Ref. 2. Mainly, there should be only one
single curve for the critical flow. Consider example 3 on p.
17 of Ref. 3, which involves both critical and Subcritical
flow. Find the time t required to charge isothermally a
K=10 ft3 ullage at Pf= I4.1-Pf = 40 psia, using nitrogen
A: = 7/5, R = 662 in.-lb/lb-°R with an upstream pressure of
P1=:45 psia and a temperature of 7^ =70^ = 530^=7%

given an effective flow area CDAT = 5.94 in.2 From Eq. (9a),
C-0.365 s; from Eq. (10), 7-= 0.327; from Eq. (11),
Ty = 0.938; and from Eq. (8), t = 0.223 s. Note that the values
from Fig. 3 of Ref. 3 are given as r/ = OJ21 and 0.923,
respectively. As a result, £ = 0.222 s, which constitutes very
close agreement.
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Separated Flow Treatment
with a New Turbulence Model

Uriel C. Goldberg*
Rockwell International Science Center

Thousand Oaks, California

Nomenclature
= kinetic energy of turbulence
= coordinates locally normal and parallel to the wall,

respectively
us = velocity scale for separated flows
ut = locally tangential mean velocity component
UT = wall friction velocity scale
e = isotropic part of turbulence energy dissipation
K =von Karman constant, =0.4
v = kinematic molecular viscosity
vt — kinematic eddy viscosity
Subscripts
b = backflow edge
v = viscous sublayer edge
w = wall

Introduction

MANY flowfields of practical importance involve
regions where the flow detaches from a solid surface

and reattaches further downstream, thereby forming a
separation bubble. Most existing turbulence models either do
not treat such bubbles or do so in an ad hoc fashion, which
is frequently inadequate. The present work attempts to ad-
dress this problem in a more rigorous manner, to enable im-
proved turbulence modeling for separated regions.

From experimental investigations by Simpson et al.1"3 of
two-dimensional separated flows, the following features
emerge: a) the backflow is governed by large-scale outer-
region eddies, whose influence increases as the backflow
develops downstream of detachment; b) the separating shear
layer behaves progressively more like a free shear mixing
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layer in the streamwise direction, as it grows at a rate pro-
portional to 62; c) the part of the backflow adjacent to the
wall has little Reynolds stress effects; d) the Reynolds
stresses within the backflow region are a product of the tur-
bulence structure, not of the local mean velocity gradients;
e) initial conditions, such as the upstream boundary layer,
have little influence on the flow structure within the
separated region; and f) the local maximum Reynolds shear-
ing stress, occurring in the middle of a detached shear layer,
is the proper stress scale for separated flows.

These phenomena were also observed by Delery4 in his ex-
periments on shock-induced separation in transonic flow.

The following k-e model for wall-bounded separated flows
is based on these observations. It also assumes that the
viscous sublayer, which is adjacent to the wall upstream of
separation and downstream of reattachment, is pushed away
from the wall and fed by the backflow, while the turbulence
behavior across it remains qualitatively unchanged from that
upstream of separation. This limits the intended scope of the
model to bubbles not large enough to significantly alter the
inviscid far field.

Figure 1 shows a schematic view of a separation bubble,
indicating the various locations and lines of significance to
the model.

Model Formulation
k and e are prescribed analytically between the wall and

the backflow edge so that continuity in magnitude (for both)
and slope (for k) is preserved as the formulation switches
from the backflow region to the viscous sublayer (Fig. 1).
This continuity requirement results from observation d
above, suggesting that the backflow edge (ut = 0 line), nb(s),
bears no significance for k and e.

k distribution in the backflow region is assumed to be
Gaussian, similar to its behavior in a free shear mixing layer:

(1)

Q must impose on k the same type of curvature within the
backflow region as that within the viscous sublayer located
outside of it, limiting 4> to the range 0<</>< 0.50. It is assumed
that c/> is not a function of s, so that a one-time parametric
study will suffice to fix 0, making it an invariant of the
model. The last assumption draws on observation e, which
suggests that turbulence scales may be self-similar within the
backflow, at least for bubble sizes considered herein.

In view of observation a, it is assumed that the length
scale of turbulence in the backflow is proportional to nb,
namely, L = a(s)nb(s), where o(s) is to be determined. This
together with Eq. (1) establishes e:

= k3/2/L=(anb)-1[kbG(s,n)]3 (2)

As shown in Ref. 5, e — 2vwkv/nl = const across an attached
viscous sublayer. As the sublayer becomes detached, vw may
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no longer influence e, whose constant value across the
sublayer now becomes k3

v
/2/nv.

To enforce continuity of e across nb(s), i.e., eb-=eb+,
one must therefore impose kl/2/anb=k3

v
/2/nv. Thus,

kb= (onb/nv)2/3kv (3)

For streamwise continuity of the formulation, nv must in-
clude both attached and detached portions of the viscous
sublayer:

(4)

where t/, = (-u'v')£&x = [vt>m ( d u t / d n ) m a x ] * . Here
( — u'v')max is the maximum Reynolds stress assumed to cor-
respond to the maximum normal-to-wall mean velocity gra-
dient. Some justification for this is found in Refs. 1 and 4.
vt>m is the value of eddy viscosity where the aforementioned
maximum gradient occurs (see Fig. 1). Since vt>m is not
known initially, an iterative procedure may be necessary in
which vttm is updated from the solution of the k-e equations.
Equation (4) assumes that the formulation for the attached
viscous sublayer thickness5 is unchanged as the sublayer
becomes detached.

Combining Eqs. (2) and (3) yields e= [kvQ(s,n)]3/2/nv,
Q<n<nb. The boundary conditions for the high turbulence
Reynolds number k-e equations, set at the viscous sublayer
edge are assumed to retain their attached-flow formulation,5

(5)

however, us replaces ur, which is inappropriate for separated
flow regions and C* replaces CM.

The parabolic distribution of k across the viscous
sublayer5 is now given by

k = kv-(kv-kb)(n2
v-n2)/(n2

v-n2
b), nb<n<nv (6)

which reduces to k = kv(n/nv)2 (see Ref. 5) in the non-
separated sections of the flow, where both nb and kb vanish.

Imposing slope continuity on k across the nb(s) line, using
Eqs. (1), (3), and (6), establishes a as a(s) = (nv/nb)//33/2,
whence

(7a)
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Fig. 2 Comparison between
prediction and data of Ref. 4
for kinetic energy.

Fig. 1 Schematic of separated flow bubble and basic nomenclature.
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A REF.3,X=144.9 in DATA
O BASED ON DATA OF REF. 4

FLOW C, X = 92
—— MODEL <£ = 0.5
—— EQ.8,f =A+B

Fig. 3 Comparison between prediction and data of Refs. 4 and 3 for
eddy viscosity.

where

(7b)

Thus L is proportional to nv, increasing as the backflow
develops and decreasing toward reattachment, in agreement
with observations a and b.

An eddy viscosity formula is now obtained from the
following argument. As pointed out in Ref. 5, the basic rela-
tion vt = C^k2/e must be modified within the viscous
sublayer to preserve the correct behavior vt~n3 at the wall,
giving rise to the formula vt = C(n)k2/(en + ). In a similar
manner, eddy viscosity within the backflow is assumed to be
of the form vt=f(n)k2/e. Using Eqs. (1-5), and (7) yields

(8)

=- (C*/2)9/5, B= (q/2)3/5 -A

where

f(n/nb) = A (n/nb)

This form of /seems to best correlate with the data.3'4
The corresponding formula within the viscous sublayer is

of the form (^/Osub = c(n) [k2/ve] sub, where k is given by
Eq. (6) and e = kl/2/nv. Here, C(nb) =C;l/4(A + £)/2V2, A
and B being given previously.

This concludes the formulation of the model, which ig-
nores the viscous region adjacent to the wall within the
separation bubble. This is justifiable in view of observation c.

Testing of Model
In order to test the model, arbitrary streamwise locations

were selected from Ref. 4, flow C, x = 92, and from Ref. 3,
x=\44.9 in. The two sets of data pertain to different
geometries, initial conditions, and means by which flow
separation was imposed. A large separation bubble existed in
the flow of Ref. 4, and the chosen location is approximately in
the middle of it. Figure 2 compares k from Eqs. (1) and (6),
with the data. The agreement supports the Gaussian concept.
Furthermore, calculated values of kb at this and other loca-
tions were found to be within only 2% of those obtained from
the measurements. Based on the measured velocity profile and

shear stress distribution at the selected station, eddy-viscosity
data were compared with Eq.(8), as shown in Fig. 3. Since the
velocity profile had to be numerically treated to derive du/dy,
some error was introduced into the data points; nevertheless,
the agreement is reasonable. In the case of Ref. 3, eddy
viscosity was already given in data form. Figure 3 also shows
comparison of vt prediction with these data at the selected
location. Agreement is very good, even well beyond the
backflow. In addition, predicted vt levels dropped about 45%
when going from well upstream of separation into the bubble
along a constant /?, as experimentally observed.3 This leads
credibility to the length scale L. These tests serve as a
preliminary validation of the model.

A parametric study showed that c/> = 0.5 is the best choice;
this value is adopted as a constant of the model.

Conclusions
A k-e formulation has been developed for turbulence

modeling within wall-bounded two-dimensional separation
bubbles. The model is based on experimental obsevations.
Two basic features of the model are: 1) turbulence kinetic
energy within the backflow region is a Gaussian function of
the distance from the wall; 2) the length scale of turbulence
within the bubble is proportional to the local distance from the
wall to the edge of the viscous sublayer located outside the
backflow region. The formulation enables unified k-e modeling
between the wall and the viscous sublayer edge.

The model has been preliminarily validated through com-
parisons with data, and will be incorporated into a Reynolds-
averaged Navier-Stokes solver to calculate flowfields where
separated regions may occur.
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Measurement of the Speed
of Sound in Ice
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Introduction

S OUND-speed measurements in refrigerated ice have been
determined by using pulse-echo ultrasonic applications.

For these measurements, two parameters were important for
accuracy, namely, the ice thickness and the time required for
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